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An estimation of cohesion C and angle of internal friction ¢ of fine glass beads,
which have been previously subjected to small intensity vertical vibrations of con-
trolled frequency and amplitude for a fixed period of time, is presented. In the range
of vibration intensities tested previbration causes powder compaction. Experimental
measurements to obtain C and ¢ have been performed by means of a centrifuge pow-
der tester in which the previbrated powder bed is rotated around its vertical axis. At a
critical rotation velocity the shear stress induced by rotation is large enough to drive
material avalanches. From a theoretical analysis of these avalanches, based on the Cou-
lomb’s method of wedges, C and ¢ are derived. We have found a significant increase
of cohesion, and a slight decrease of the angle of internal friction as the effective con-
solidation stress due to previbration is increased. The estimated interparticle cohesion
force f, from the experimental measurements, and using a Rumpf’s averaging equation,
is in agreement with the calculated interparticle attractive force due to van der Waals
and capillary interaction for the unconsolidated beds. Moreover f; increases as the
effective consolidation stress is increased in agreement with estimations from theoreti-
cal models based on contact plasticity. This result suggests that, at the microscopic
level of asperities, compaction due to previbration is able to induce plastic deformation
of the contacts. © 2008 American Institute of Chemical Engineers AIChE J, 54: 886-896, 2008
Keywords: particle technology, particulate flows, rheology

Introduction

Vibration is commonly present in industry in the handling
and transporting powders. Thus, the understanding of how
the powder behavior is affected when subjected to vibrations
would provide valuable design information. The standard
vibration experiment consists of a powder in a container
mounted on a rigid base, which is subjected to mechanical
vibrations. For deep beds this simple experiment exhibits a
rich phenomenology depending on the intensity and direction
of vibration, from compaction' at small vertical vibration
intensities, to fluidization at high-vibration intensities,’ pass-
ing t3hr0ugh convective instability as first discovered by Fara-
day.
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Small intensity vertical vibration of a loosely packed bed
induces compaction by helping grains to overcome arches
and other barriers.' The compaction induced by vibrations is
extremely difficult to understand from pure theoretical
grounds since extrapolating macroscopic properties from the
underlying microscopic behavior is fairly more difficult with
powders than with liquids and gases. Researchers have
mostly focused on the time dependence of the compaction
process, and also on how much settling occurs as a function
of the initial state and vibration intensity."* Since what hap-
pens is so diverse, the common strategy has been to study
the behavior of ideal beds of noncohesive coarse grains. Usu-
ally, the vibration intensity has been parameterized by I', the
ratio of the peak acceleration to the gravitational accelera-
tion. Nowak et al.' observed that a vibrated bed of milli-
meter-sized glass beads evolves from an initial, loose config-
uration (particle volume fraction ¢ ~ 0.59) to a close
packed configuration (¢ ~ 0.63) when the vibration intensity
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was ramped up from zero to I' ~ 4. Ramping the vibration
intensity repeatedly up and back down again revealed that
the compaction process induced by vibration was irreversi-
ble.! On the other hand, in the branch of high-vibration
intensities (I' = 4), the increase of the vibration intensity
caused a monotonic and reversible decrease of ¢.

Industry concerns are mainly focused on fine cohesive
powders. Most of the processing plants dealing with fine
powders experiment handling problems because of the lack
of material flow predictability.” While the large ratio of sur-
face area to volume of fine powders provides high-fluid-solid
contact and reaction efficiencies, the relative strength of
interparticle attractive forces is also increased, giving rise to
poor flowability® that is unpredictably affected by vibrations
during powder transportation or storage when used is
resumed. The Jenike shear cell’ has been widely used to
measure the angle of internal friction and cohesion of cohe-
sive powders. Essentially the method consists of compacting
a sample with a known external load into a cylindrical cell
composed of two metal rings one upon the other. With the
compaction load still applied the minimum steady-state shear
stress necessary to displace the upper ring horizontally with
respect to the lower one is measured. According to the
Mohr-Coulomb criterion, the angle of internal friction ¢, and
the cohesion C of the powder are a measure of its capability
to sustain shear stresses, and, therefore, to flow.® Consider an
arbitrary plane through the sample and a shear stress t acting
on that plane; there will be a critical value of the shear stress
that will cause the material to shear off in that plane. This
yield stress depend on the normal stress ¢ acting perpendicu-
lar to the plane. In his pioneer work, Coulomb approximated
the relationship between 7 and ¢ by a linear function®’

t=octangp +C (1)

Equation 1 defines the Mohr-Coulomb yield locus of the
granular material. Applications to avalanche data have dem-
onstrated that the Coulomb model successfully captures the
relevant features of avalanche motion of cohesive pow-
ders.'*!!

The effect of vibration on the yield loci of cohesive pow-
ders was investigated recently by Kollmann and Tomas'?
using limestone and titania powder, and, previously, by Rob-
erts and Scott'” using pyrophyllite and iron ore, and Arnold'*
using iron ore fines. In refs. 12 and 13 the setup consisted of
a modified Jenike shear cell fitted with a vibration exciter,
which was designed to permit the shear strength to be mea-
sured during the application of horizontal vibrations (parallel
to the plane of shear). Kollmann and Tomas'? distinguished
between vibrations applied only during shear (method A),
and vibrations applied during preshear (method B). A main
result from these works was that the horizontal vibrations
leaded to a significant reduction of the cohesion, whereas the
angle of internal friction did not experience a significant var-
iation. These studies were focused on situations in which
horizontal vibrations do not induce powder compaction, but
instead are used to promote and control gravity flow. The
study of the effect of these types of vibrational excitations is
indeed relevant for applications, such as pulsed vibration, as
used for bridge breaking and discharging (method A), and
continuous vibration during discharge, as used in vibrated
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hoppers (method B). Another method of excitation, consist-
ing of vibration during preconsolidation (method C) was not
addressed, although the authors recognized that this study
has a great potential interest for applications, such as unde-
sirable vibration during silo filling and storage. Arnold'*
measured the yield loci of iron ore fines using the normal
Jenike procedure, and looked at the effect of a vertical vibra-
tion of the top ring of the cell. It was observed that vibra-
tions, applied perpendicular to the plane of shear, not only
caused appreciable consolidation of the powder, but also a
significant increase in its cohesion.

A problem of using the modified Jenike cell to investigate
the flow properties of powders is that, in applications
involving powder flow, the sample is usually in a state of
small consolidation (typically in a range from a few Pa to a
few hundred Pa), while in the Jenike shear cell the sample
is initialized in a state of consolidations typically larger
than 1 kPa. The Schulze ring shear tester'® is a technical
improve on the Jenike tester. This method is able to mea-
sure the yield locus at small consolidations, and has been
recognized as a standard technique for powder flow diagno-
sis.'® A general problem that besets shear testers is that, in
order to relate the stresses to the real stresses inside the ma-
terial, it must be assumed that the shear process takes place
uniformly throughout the sample,'” which is known to be
false for overconsolidated materials.'” In the case of highly
cohesive powders, the shear occurs through fracture surfaces
of uncertain location that are difficult to be erased by the
initialization procedure used in the shear testers. The interested
reader may see ref. 18 for an extensive review on measuring
techniques and instruments, including shear testers and also
split cell testers designed to measure just cohesion.

In our experimental work we have estimated experimen-
tally the angle of internal friction and cohesion of powder
samples compacted by previous vertical vibration. Measure-
ments have been carried out by means of a centrifuge pow-
der tester (CPT).19 This device has been described in detail
in ref. 20, in which results from measurements on diverse
powders were also shown to illustrate its functioning. For the
reader’s convenience we give also in this article a summary
of the setup and procedure.

Experimental Setup

In the experimental setup the sample of granular material
partially fills a rectangularly shaped container of internal
length 2R = 8 cm and 0.6 cm depth. The material is initial-
ized by gently shaking the container horizontally to smooth
the sample free surface and make it horizontal. After initiali-
zation, the container is mounted on an electromagnetic vibra-
tion exciter driven by a signal generator, which provides si-
nusoidal, vertical vibrations of controlled frequency v and
amplitude A. The vibrator (model Tira vib TV52120) is pow-
ered by a power amplifier (model Tira BAAS500), with a
maximum output of 6 A. The acceleration amplitude of the
container is monitored using a piezoelectric accelerometer
(Bruel and Kjaer model 4500A) attached to its base. The cur-
rent output of the accelerometer is read using a lock-in am-
plifier (Stanford Research Instruments model SR530) tuned
to the frequency of the vibrations. Thus, open loop control
was used to set the amplitude of the vibration. During the
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Figure 1. Device built at the University of Seville to mea-
sure the angle of internal friction and cohesion
of granular materials.

The granular material rests on a rectangular cell (C) which is
fixed to a rotatory plate. The motion is driven by a motor (M),
which is controlled by a computer. A wireless camera (not
shown) fixed to the rotatory structure records the evolution of
the material as the cell is rotated.

previbration procedure the sample is subjected to vertical
oscillations at fixed amplitude and frequency for a time pe-
riod of two minutes. Experiments have been performed at
two selected frequencies (200Hz and 1kHz), which are con-
trolled to within 0.1 Hz.

We have tested soda-lime glass beads of dia. d, ~ 40 *
10 pm, and particle density p, ~ 2,500 kg/m®. The sample
masses used to run the experiment are between 2 and
4 grams, corresponding to typical volumes between 1.5 cm®
and 3 cm’. The height H of the material layer in the con-
tainer is between 3 and 5 mm, that is the powder layer can
be classified as a deep bed (H/d, 2 100). The dimensionless
peak acceleration amplitude I" = A(2nv)2/g0, where go =
9.81 m/s” is the acceleration due gravity, is in a range that
extends up to I' ~ 5, and can be controlled to within
+0.1go. Although the time average of the instantaneous
vibrational acceleration is zero, when ramping up the vibra-
tion intensity we observe irreversible compaction of the pow-
der layer that remains all the time attached to the base of the
container. Thus, it can be said that the net effect of vibration
within the applied range of intensities is to increase the
effective acceleration on the sample by a factor (1 + I').
The consolidation stress a. of the nonvibrated sample,
which is only due to its own weight, is small (typically 0.9 ~
pp$go H ~ 40 Pa). By means of previbration, the effective
consolidation stress o. ~ ag.o (1 + I), is, thus, increased in a
range extending up to . ~ 400 Pa.

Once the powder is compacted by vibrations it is carefully
taken to the centrifuge powder tester (CPT). In Figure 1 we
show a photograph of the CPT built at the University of Sev-
ille. The container is placed on a rotatory table, and it is
rotated around its vertical axis. The rotation velocity is
driven by a D.C. permanent magnet motor controlled by a
computer. In the experiments reported in this article the rota-
tion velocity was steadily increased at a rate of 1 rpm/s up to
a maximum value of 600 rpm. At a critical point the shear
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stress caused by the action of the centrifugal force is large
enough to drive material avalanches. The succession of ava-
lanches are recorded by a wireless TV cam solidary to the
container and later analyzed with the help of an image soft-
ware to obtain the mechanical properties of the material as a
function of previbration intensity.

In order to compare our results with results from inde-
pendent experiments we have tested the powder by using the
Schulze ring shear tester (model RST-0O1.pc computer-con-
trolled), which is recognized as a standard shear test method
for bulk solids.'® The detailed principle of the ring shear tes-
ter can be seen in ref. 15. Figure 2 shows the yield loci
measured for different values of the maximum normal stress
Omax initially applied by the lid on the powder. From this fig-
ure it can be concluded that the behavior of the powder can
be well described by the Coulomb yield condition (Eq. 1),
with an angle of internal friction ¢ around 25° that decreases
slightly as 6.,.« is decreased (see Figure 2b). In Figure 2b
we have plotted also the cohesion calculated from the yield
loci as a function of o, It is seen that the cohesion
increases as the maximum normal stress is increased. Mea-
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Figure 2. (a) Yield loci measured for the fine glass beads
and for different values of the maximum nor-
mal stress applied by a lid using the standard
Schulze ring shear tester; (b) angle of internal
friction (left axis) and cohesion (right axis)
derived as a function of the maximum normal
stress.

The typical indeterminacy in the measurement of ¢ is around
17, and it is around 10 Pa in the measurement of C.
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Figure 3. Sequence of photograms illustrating the
occurrence of the first avalanche in the cen-
trifuge powder tester at a rotation velocity
® = 180 rpm in the right side, and at o =
190 rpm in the left side.

surements for o.,,,x below 200 Pa were not possible with suf-
ficient accuracy.

Centrifuge Powder Tester

The CPT is based on the analysis of the critical state of
stresses leading to avalanches in a rotating layer of powder.
Figure 3 shows a sequence of photograms that illustrate the
occurrence of the first avalanche. In our analysis the rotation
velocity @ = w, at which this first avalanche occurs will
serve us to derive the cohesion of the granular material. In
practice, the initial surface of the material is not perfectly
horizontal if the initial state is not perfectly homogeneous.
Thus, the first avalanche happens at smaller (larger) values
of w, if the slope at the side of the cell is slightly inclined
downward (upward). This problem is aggravated if the sur-
face heaping phenomenon, which is usual at low-vibration
frequencies,”’ appears caused by previous vibration. In Fig-
ure 4 we show a single peak occurring to one side of the
container as a consequence of vibration induced heaping.
When the occurrence of this phenomenon was observed, the
experimental data on . were just discarded.

After the first avalanche has taken place, and in the range
of high-rotation velocities (w = 300 rpm for the glass beads
tested in this work), the free surface of the material slopes
against the lateral wall. As w is further increased the slope
becomes unstable and thin avalanches take place that progres-
sively increase the stable angle of the slope (see Figure 5). In
our analysis, the first step will be to measure the angle of the
slope at high-rotation velocities in order to derive the angle of
internal friction of the granular material.

Theoretical analysis

We now turn to summarize the theoretical analysis of the
experimental observations in order to develop a methodology
for obtaining the experimental values of the cohesion and
angle of internal friction. Our analysis is based on the Cou-
lomb method of wedges.22 The underlying assumptions in
the method of wedges are (1) that failure occurs along a slip
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Figure 4. Photograph taken just after vibration of the
bed illustrating the occurrence, in this partic-
ular case, of surface heaping during the pre-
vious vibration process (I' = 4.4, v = 200 Hz).

When surface heaping during previbration occurred the
sample was discarded.

surface which is composed of planar surfaces, (2) that the
stresses at the slip surface reach the critical yield condition
specified by the Coulomb’s yield locus (Eq. 1), and (3) that
the condition of critical equilibrium holds i.e., just before the
avalanche, we assume a balance of forces acting on the slid-
ing wedge. The method is commonly applicable to two-
dimensional (2-D) situations. In our experiment, since the
depth of the cell is small as compared to its length, the stress
state of the sample can be approximately considered as 2-D.
We also neglect the interaction between the material and the
wall, as long as the area of the slip surface is large as com-
pared to the area of contact between the sliding wedge and
the wall.

First Avalanche. Let us first use the method of wedges
to analyze the first avalanche in the rotating cell. Figure 3
shows the post-avalanche profile that indicates that the slid-
ing wedge involves a portion of material of a certain depth
located at the outer region. As a first approximation we con-
sider a simple triangular wedge model composed of two
smaller subwedges as shown in Figure 6. In this case the slip
surface is approximated just by two intersecting slip planes.
The geometry of the wedge is determined by two parameters,

Figure 5. Photograms illustrating the increase of the
angle of stability of the slope against the
side walls of the container as the rotation
velocity in the centrifuge powder tester is in-
creased (I' = 1.2, v = 200 Hz).

DOI 10.1002/aic 889



Figure 6. Theoretical composite wedge.

The fracture surface is assumed to be composed of two planes, inclined at an angle f8. Normal (N;), and tangential (T;) forces per unit depth act-
ing on the planar slip surfaces, as well as weight (W;), and centrifugal (F;) forces per unit depth on the sliding wedge are represented in the

magnification shown in the right side.

the angle f, and the distance to the axis of rotation d. On
each subwedge the condition of static equilibrium must apply
(i.e., the sum of forces must equal zero). Also, along each
slip surface the Coulomb yield condition must be satisfied. In
summary, we have a total of nine equations that must be sat-
isfied with eight unknowns, which correspond to tangential
and normal forces on the slip planes. The compatibility con-
dition of this system yields a functional relation @ = w(f,d)
between the rotation velocity w, and the wedge parameters f§
and d (see Appendix). The function w(f,d) presents a mini-
mum at given values of fiy and dy. Once the minimum rota-
tion velocity, making possible the critical equilibrium, is
reached, the material avalanches according to the theory.
Then we must find the minimum value of w, which is the so-
lution of critical equilibrium equations.

The results of the Coulomb method of wedges are only ap-
proximate since the actual slip surface will be generally
curved. By increasing the number of planar slip surfaces the
accuracy of the method can be improved.22 Thus, a model of
three slip planar surfaces will allow us to improve the accuracy
of the method. Figure 7 shows a more realistic composite
wedge. We have now a total of three subwedges composing
the theoretical wedge, which is determined by three independ-
ent parameters (f3, d and /). Proceeding in a similar way to the
previous calculation we arrive at a compatibility condition for
critical equilibrium w = w(f,d,l). The smallest value of w at
which this condition is fulfilled is the rotation velocity at which
the model predicts the first avalanche.

We have checked that the difference between results of
the two former models is, at most, of the order of 5%, which
is in general smaller than the experimental scatter. Thus, the
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Figure 7. Magnified theoretical composite wedge.

The fracture surface is assumed to be composed of three
planar surfaces. Normal (N;), and tangential (T;) forces per
unit depth acting on the planar slip surfaces, as well as
weight (W;), and centrifugal (F;) forces per unit depth on
the sliding wedge are represented.
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three-slip-plane model is accurate enough, and it is not prac-
tical to seek for further mathematical complication. Note,
however, that just equating the experimental rotation velocity
for the first avalanche to the theoretically predicted one
allows us to determine only one material property, either the
angle of internal friction ¢, or the cohesion C. Thus, we
need to know before hand one of them from an independent
measurement. In the next section we describe how ¢ can be
derived from the stable angle of the slope measured at high
rotation velocities (Figure 5).

Angle of the Slope at High-Rotation Velocities. Figure 8
shows the simple wedge model proposed for predicting the
angle of stability of the slope of material deposited against
the lateral wall at high rotation velocities. Note that this
wedge model must differ from the wedge model used for
the first avalanche, since in the latter case the surface of the
free surface was horizontal, while in the former the free sur-
face is already inclined before avalanching. The angle 0 is
the angle of the slope before the avalanche takes place. The
slip surface is inclined at an angle « that will be the stable
angle of the slope after the material has avalanched. F is the
centrifugal force per unit depth acting on the wedge, and W
is its weight per unit depth. T and N represent the tangential

AR

Figure 8. Theoretical simple wedge model for predict-
ing the angle of the slope at high rotation
velocities.

The fracture surface is assumed to be planar. Normal (N)
and tangential (T), forces per unit depth acting on the slip
surface, as well as weight (W) and centrifugal (F) forces
per unit depth on the sliding wedge are represented.
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Figure 9. Experimental values of the particle volume
fraction for previbrated samples as a func-
tion of the effective consolidation stress o,
due to vibration.

The inset indicates the frequency v of previbration and the
mass m of powder used. The error bars are calculated from
the indeterminacy in measuring the bed height.

and normal forces per unit depth, respectively, on the slip
plane. After integration, the ratio F/W is given by

F 'R AR

W a)? [1 — g tan 0(cot 0 + cot a)} )
Equation 2 can be further simplified, since we observe exper-
imentally that the sliding wedge is thin (see Figure 5), thus,
we can make the approximation a ~ 6 and rewrite Eq. 2 as

F  o°R 12N? . 3)
= — ——— | = tan
W g 3R anx

where we have defined and angle y, which is a measure of
the magnitude of the centrifugal force.

The slope is stable as long as T < N tan ¢ + Ch/sin «,
where / is the height of the slope. Applying the equilibrium
condition, it follows

Ch
F(coso —tan @ sino) — W(sinoe +tanpcosa) < —  (4)

S1n &

Using Eq. 3, Eq. 4 can be rewritten as
. . 2C .
sin(oe — 0) sin[y — (¢ + @)] < o, C0s @ cos ysin 0 ®)
124

As the rotation velocity is increased, y increases, and the
lefthand side of Eq. 5 increases while the righthand side
decreases. The critical yield condition is met when the left hand
side of Eq. 5 reaches a maximum, which is obtained for

sin{[y = (@ + @)l = (= 0)} =0 ©)

Using again the approximation o = 0, the value of the angle
of internal friction ¢ can be derived from Eq. 6 as

p=x—o @)
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Thus, ¢ is derived from the angle y, which is calculated
from experimental measurements of w, AR, and « (Eq. 3).
Note that the value of cohesion is not needed in Eq. 7 to
derive the angle of internal friction. Thus, the procedure will
consist of first deriving ¢ from experimental observations of
the stable angle of the slope o and AR for a given w in the
range of high-rotation velocities. Once the angle of internal
friction is obtained, the cohesion C will be found from the
experimental value of the rotation velocity at which the first
avalanche occurs, and using the model of wedges proposed
in the theoretical analysis.

Experimental Results

From the sample volume we first obtain the average parti-
cle volume fraction (see Figure 9), showing an increase from
around ¢ ~ 0.5 for the loosely packed nonvibrated bed to
¢ =~ 0.64 for the samples vibrated at the highest intensity,
which conforms to the random close packing limit of hard
spheres.”?

Following the methodology previously described, we
obtain the experimental values of the angle of internal fric-
tion ¢ from the measurement of the angle of the slope at
high-rotation velocities. Results are shown in Figure 10. It
can be seen that within the experimental scatter the values of
¢ do not depend on the rotation velocity employed for the
calculation as should be expected. From these results it can
be also inferred that the average angle of internal friction
(@) decreases slightly as previbration intensity is increased.
This correlation is also seen in Figure 11 where we have
plotted (¢) as a function of the effective consolidation g, ~
o0 (1 + T). It is observed that (@) decreases from about
25% at low-consolidations to about 22° at the highest consoli-
dations, although the experimental indeterminacy precludes
us from a statistically significant conclusion. Nevertheless,
note that the value of the angle of internal friction estimated
for the nonvibrated sample (around 259 agrees with the av-
erage angle of internal friction derived from the yield loci
measured using the ring shear tester (Figure 2b). Moreover,
the result obtained form the ring shear tester also indicates a

30
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—©—T=0.8, left side
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Figure 10. Values of the angle of internal friction ¢ for
glass beads samples previbrated at different
vibration intensities (indicated, v = 200 Hz).

Results (in the range of high-rotation velocities) are calcu-
lated from observations of the stable angle of the slope at
both sides (left and right) of the rotating cell.
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Figure 11. Experimental values of the angle of internal
friction ¢ for previbrated samples as a func-
tion of the effective consolidation ¢. due to
previous vibration.

The inset indicates the frequency v of previbration, and
the mass m of powder used. [Color figure can be viewed in
the online issue, which is available at www.interscience.
wiley.com.]

decrease of (@) as the maximum normal stress used to obtain
the yield locus is increased. We cannot establish, however, a
direct comparison between both sets of data since the effec-
tive consolidation stress defined in our experiment is not
directly related to the maximum normal stress applied by the
lid on the powder using the ring shear tester.

In Figure 12 we have plotted the experimental values of
cohesion C obtained from the measurement of the rotation
velocity at which the first avalanche is observed. It is seen
that cohesion increases as the effective consolidation is
increased due to previbration. This trend agrees with the
tendency of observed using the ring shear tester (Figure 2b),
albeit our apparatus is able to measure cohesion accurately in
the range of smaller consolidations.

As a general conclusion, it can be said that compaction
induced by previous vibration gives rise to a slight decrease
of the average angle of internal friction accompanied by a
significant increase of the cohesion of the powder. The effect
of this change of material properties on powder flow at high
rotation velocities in the CPT is shown in Figure 13. We
compare photograms of samples rotated at the same velocity,
but previbrated at different intensities. It is observed more
powder remaining in the central core as cohesion is increased
(see Figure 13). The slight decrease of the angle of internal
friction hinders the stability of slopes in the rotating field,
thus, we observe slightly steeper slopes for the samples pre-
vibrated at larger intensities (see Figure 13).

Concerning the shape of the theoretical slip surface for
the first avalanche (Figure 7), it is difficult to infer informa-
tion about the slip surface just from the post-avalanche sur-
face profiles (Figure 3). It must be admitted that the slip sur-
face indicated in Figure 7 is partly a matter of conjecture,
since one section of the slip surface is exposed when the
surface layer slides away, but the remaining section becomes
buried by the avalanching powder. Moreover, as the rotation
velocity keeps increasing, and the powder is heterogenous at
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the bulk level, it is likely that the very first avalanche
involves only a weaker section of the wedge. The theoretical
values derived for the depth of the avalanche are in the
range between 0.5 cm and 0.8 cm, and increase as the previ-
bration intensity is increased. Although we cannot establish
a clear comparison with experimental results because of
insufficient experimental determinacy, it is remarkable that
the depth of the observed avalanches are also of the order of
several millimeters. Let us note that in ref. 11 we analyzed
the sliding of an inclined layer of cohesive powder by using
the same wedge model as used in the this article, and we
arrived at a similar conclusion. While the angle of inclination
at which avalanche occurred was well defined, the depth of the
avalanche was subject to higher indeterminacy, which was at-
tributable to powder heterogeneity, and did not allow for a
quantitative comparison with the theoretical prediction. Never-
theless, the cohesion values obtained in ref. 11 from the experi-
mental angle of avalanche, and using the same wedge model
employed in the this article, were in accordance with the cohe-
sion directly measured by an independent technique.

Estimation of interparticle cohesion force

Using the Rumpf averaging Eq.,>* the interparticle cohe-
sion force f; can be estimated as

Ji~ 3

P
Ty
where o, (tensile strength) is the maximum tensile stress that
the powder can withstand, and { is the coordination number
(average number of contacts per particle). The coordination
number { can be related to the particle volume fraction ¢ by
the Eq. { ~ (n/2) (1—¢) ¥ (ref. 25). Experimental tests on
fine powders using a ring shear tester'> and a tilted fluidized-
bed technique26 have shown that the yield locus of cohesive
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Figure 12. Average experimental values of cohesion C
for previbrated samples as a function of the
effective consolidation stress s, which is
increased by previous vibration.

The inset indicates the frequency v of previbration and the
mass m of powder used. The arrow in the vertical axis
indicates the cohesion Cy ~ 10 Pa measured for the non-
vibrated samples, subjected to a consolidation stress just
due to their own weight o, ~ 40 Pa. [Color figure can
be viewed in the online issue, which is available at www.
interscience.wiley.com.]
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Figure 13. (a) Photograms taken at a rotation velocity
o = 500 rpm for a non vibrated 2 grams
sample (top), and for a previbrated sample
(bottom, T' = 1.2, v = 1 kHz); (b) the same
phenomenon is observed for this 4 grams
sample rotated at ® = 408 rpm.

The top photogram corresponds to a previbration intensity
of I' = 0.6, while for the bottom photograph I' = 3.1.
Note that for the previbrated sample the angle of the slope
is slightly larger (indicating smaller angle of internal fric-
tion), and there is more material resting in the core zone
(indicating higher cohesion).

powders has a convex shape at very small and negative val-
ues of g. As a first approximation, we will consider that the
tensile strength o,, and the cohesion C are of the same order
of magnitude (C ~ a,).

Likewise, the average consolidation force f, transmitted to
the interparticle contacts by the effective consolidation stress
o, can be estimated as

ndpz
(o

Estimations of the cohesive force between particles f; as a
function of the interparticle consolidation force f, are plotted
in Figure 14. The data shows that, in the range of forces
tested, f; increases with f, in about one order of magnitude,
indicating that the increase of cohesion C at the bulk level is
mainly attributable to the increase of the cohesive force at
the microlevel of interparticle contacts.

(C))

ﬁ?Nac
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Discussion
Calculation of interparticle cohesion force

For dry particles the interparticle attractive force arises
mainly from van der Waals and capillary interaction. The
van der Waals attractive force is produced by the interaction
of fluctuating molecular dipole fields. Assuming that retarda-
tion effects are negligible and that the interaction between
molecules is pairwise, Hamaker?’ summed up all the interac-
tions between two spherical and rigid particles at contact
with dia. d; and d,, and arrived at the approximate expres-
sion for the attractive force

Ad*
1 22%

where A is the Hamaker constant (A ~ 1.5 X 107 J for
glasszg), d* = did>/(d; + d,) is the reduced particle diame-
ter, and z, ~ 34 A is the distance of closest approach
between two molecules. Because of the short range of the
molecular interaction, the van der Waals force is actually
determined by the local radius of curvature of the sur-
face asperities at contact. Therefore the typical size of the
surface asperities d, must be used in Eq. 10 instead of the
particle diameters. A typical value reported for the size of
surface asperities of fine powder particles is d, ~ 0.2 ym,**~!
which agrees with the average asperity diameter derived from
AFM analysis of the surface of glass beads.** Thus, we can esti-
mate f,,w ~ 10 nN for our experimental particles.

The experiments are carried out at ambient conditions and
it, is, therefore, possible that moisture condensation at the
asperities at contact yield attractive capillary forces. The cap-
illary force between two equal spheres of radius r can be
approximated by f.; ~ n yr2ﬁ/S, where 7y is the liquid surface
tension, f is the half-filling angle, and S is the separation
distance.” For small water bridges S ~ rf, we can write f,

Jvaw >~ (10)
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Figure 14. Estimated interparticle cohesion force as a
function of the estimated interparticle con-
solidation force caused by previous vibration.
The arrow in the ordinate axis indicates the interparticle
force calculated by summation of the van der Waals and cap-
illary forces. The inset is a plot of the interparticle cohesion
force as a function of the square root of the interparticle con-

solidation force. The straight line is a linear fit to the data
(R*=0.938).
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~ myr, where r ~ d,/2 ~ 0.1 ym and I' = 72.75 mN/m.
Accordingly, the contribution to adhesion by the capillary
force is f.; ~ 20 nN. The total attractive force expected
would be fo = fiaw + fo ~ 30 nN, in agreement with the
cohesive interparticle force estimated from our measurements
for the loosely packed samples (see Figure 14). It must be
remarked, however, that it is quite difficult to estimate accu-
rate values of the interparticle force since it can fluctuate
strongly due to its dependence on the surface roughness of
the particles, and the likely presence of force chains.

In the case of elastic contact deformation, the interparticle
cohesion force should not depend on previous consolidation.
This is in contrast to our results and to most of the experi-
mental results with fine cohesive powders.** The reason is
that even small consolidation stresses may induce plastic de-
formation of the surface asperities at contact, thus, enhancing
the interparticle cohesive force.”> The critical load on the
contact Py for the initiation of plastic yield within the bulk
of the particle can be calculated as®®

_2md ()Y’
Py == (1n
where Y is the compressive yield strength, E is the Young
modulus, and d is the reduced asperity diameter. For con-
tacts between asperities of same size d;, = d,/2. In the case
of contact of the particle with a flat surface d;, = d,.

Using as typical values ¥ = 1100 MPa (reported for
glass’”), and E = 68.9 GPa (reported for soda-lime glass®’),
it is estimated Py ~ 20 nN, which is lower than the smallest
consolidation forces that we estimate in our experiments (see
Figure 14). At higher pressures the plastic zone extends from
the bulk of the particle until it reaches the contact surface
and propagates along it. Mesarovic and Johnson®® have pro-
posed the relationship

3/ wE*
== Vi (12)

where 1/E" = 2(1 — v?)/E, being v the Poisson ratio (v =
0.16 for soda-lime glass”), w = 2y is the work of adhesion,
being y the surface energy of the solid (y ~ 0.3 J/m* for
glass32’39), and H ~ 3Y is the hardness of the solid material.
This equation clearly shows the important role of local
deformations of the contact area on adhesion, and, thus, the
relevance of material hardness on the cohesive behavior of
the fine powder. It must be noted that Eq. 12 is just approx-
imate since it is only valid in the so called “fully plastic re-
gime”, in which the region of plastic deformation is as
large as the contact area, with the maximum radius of the
contact area much smaller than the local radius of curva-
ture. In order to arrive to Eq. 12, Mesarovic and Johnson
considered that the material deforms elastically when the
force is decreased during the pull-off process (fully plastic
deformation with elastic recovery), and that the area at
detachment is much smaller than the area at pull-on.*®
Though there exist improved models that relate f; to ﬁ.,40
and given the uncertainty in the calculation of the contact
forces from the bulk stresses estimated in this work, Eq. 12
is enough accurate for our purpose of checking the reliabil-
ity of the experimental results obtained from our measuring
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device. The interested reader will find a detailed review on
contact mechanics theory in ref. 41. The best linear fit to
data of f; vs. v/f= (see inset of Figure 14) yields a slope of
6.65 (nN)"?, which agrees in order of magnitude with the
values predicted by Eq. 12 (the calculated slope is 9.41
(nN)"?) using w = 0.6 J/m*, E = 68.9 GPa, v = 0.16 and
H = 3300 MPa.

Estimation of the granular Bond number

A further advantage of estimating the interparticle cohe-
sive force is that we can calculate the granular Bond number
Bo, of the bed compacted by vibration, defined as the ratio
of interparticle cohesion force f; to particle weight w,. Gener-
ally, it can be said that Bo, is a good predictor of flowability.
Nase et al.** found that the static angle of repose of a granu-
lar heap did not depend on particle size if the particle weight
exceeded the interparticle cohesion force (Bo, < 1), but
increased markedly as Bo, was increased above one. Just as
with the static heap angle, a sharp decrease was observed to
occur in the discharge rate through a hopper when Bo, was
increased above one.*? Figure 15 is a plot of Bo, as a func-
tion of the effective consolidation o, of the previbrated bed.
As seen in this graph, the flowability of samples compacted
by vibration can be seriously hampered. For example, the
granular Bond number may increase by one order of magni-
tude for a 2 grams sample vertically vibrated at five times
the gravity acceleration. Figure 15 also shows that the data
of Bo, vs. o. is well fitted by the power law Bo, ~ 22.8
(0(/0(0)1‘15, where .o ~ 40 Pa is the minimum consolidation
stress just due to sample self-weight. It must be noted, however,
that this result is restricted to vertical vibrations of small inten-
sity that cause powder compaction. In other situations, such as
application of large vibration intensities® or horizontal excita-

1000 ¢
Bo,
100 ¢
Ov=02kHzm=2gr
Ov=1kHzm=2gr.
Av=1kHzm=4gr.
10

1 10 o, /Gco
Figure 15. Granular Bond number, defined as the ratio
of interparticle cohesion force to particle
weight, for samples of fine glass beads as a
function of the effective consolidation o,
due to previous vibration (made nondimen-
sional with the smallest consolidation stress
corresponding to sample weight per unit
area oco ~ 40 Pa).

The solid line is the best fit of the data to a power law
(Bog ~ 22.8 (6./0.0)"").
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tion,'? vibration may have indeed the opposite consequence,
thus helping to improve the flow behavior of powders.

Conclusions

In this article, we have used a centrifuge powder tester to
obtain the angle of internal friction ¢, and cohesion C of fine
glass beads as affected by previous vibration in the vertical
direction. In the experimental procedure we use a small
amount of mass, typically between 2 and 4 grams, contained
in a rectangular cell. The bed is initialized and subjected to
low-intensity vertical vibrations of controlled frequency v
and amplitude A for a fixed period of two minutes. By means
of previbration the material becomes compacted. Then the
cell is taken to the centrifugal powder tester, in which it is
rotated around its vertical axis at increasing values of the
rotation velocity. At a critical point the shear stress caused
by the action of the centrifugal force is large enough to drive
material avalanches. From a theoretical analysis of these ava-
lanches, based on the Coulomb’s method of wedges we
derive the angle of internal friction and cohesion of the glass
beads. These parameters have been also measured using an
independent standard technique (automated Schulze ring
shear tester) that served us to check that the material behavior
conforms to the Coulomb yield condition. Moreover, the cohe-
sion and angle of internal friction obtained using the ring shear
tester agree within the experimental indeterminacy, with the
values obtained from our centrifuge powder tester. Some advan-
tages of the centrifuge powder tester are: (1) it needs a quite
reduced mass of material for testing, (2) the test is of short dura-
tion, typically of the order of minutes, (3) the shear on the sam-
ple is not induced by external mechanical parts, which avoids
problems, such as wall sliding, (4) the fracture inside the sample
is clearly identified by direct visualization of the shearing pro-
cess, and, (5) it allows for testing at very small consolidations.

Measurements using the centrifuge powder tester have
been performed using different masses previbrated at differ-
ent frequencies and amplitudes. Results from the tests are fit-
ted to a single trend when they are plotted as a function of
the effective consolidation stress imposed on the bed by
means of previbration 6. = g.o(1+ I'), where o, is the self-
weight consolidation, and I' = A(27'cv)2/g0 is the ratio of
vibrational to gravitational acceleration. Basically, the data
indicate a significant increase of cohesion and a slight
decrease of the angle of internal friction as the effective con-
solidation on the sample is increased. The interparticle cohe-
sion force f; has been estimated from the cohesion measured,
and using the averaging Rumpf’s equation. For the unconso-
lidated samples, the value estimated for f, agrees with the
expected force due to the sum of van der Waals and capillary
forces for undeformed contacts between surface asperities.
However, the interparticle cohesion force increases as previ-
bration intensity is increased, being this the main reason for
the increase of cohesion at the bulk level. According to theo-
retical estimations, the increase of the interparticle cohesion
force is attributable to the plastic yield of the surface asper-
ities at contact. The rate of increase of the interparticle cohe-
sion force with the interparticle consolidation force is in ac-
cordance with the results predicted by a theoretical model on
plastic contacts between surface asperities. It can be con-
cluded that fine powder flowability is seriously hindered by
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compaction due to previbration. In the range of previbration
intensities applied the granular Bond number, defined as the
ratio of interparticle cohesion force to particle weight, is
increased by one order of magnitude.
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Appendix A: Critical Equilibrium Equations
for the Wedge Model

The forces per unit depth acting on the two subwedges
that compose the wedge are shown in Figure 6. W, and W,
(W, = W, = W) are the weight forces per unit depth of each
sub-wedge. F; is the centrifugal force per unit depth acting
on subwedge 1, and F, is the centrifugal force per unit depth
acting on subwedge 2. Integration over the area of each
subwedge gives

W= %pg tan f(R — d)’ (A3)
where R is the radius of the rotating cell and p is the bulk
density. On each subwedge the condition of static equilib-
rium must apply (i.e., the sum of forces must equal zero).
Also, along each slip surface the Coulomb yield condition
must be satisfied. Thus, we have a total of nine equations

Fi —Nysinf—Ticosf+N; =0 (A4)

Fy+Nysinff—Trcosf—Ny =0 (AS)

Nycosfp—Tysinf—W; —T3 =0 (A6)

Nacosfp+Tasinf— Wy +Ts =0 (A7)
1

T, =N, tan(eriC(R—d) sec f§ (AB)
1

T :Nztan(erEC(Rfd) sec f§ (A9)
1

T :N3tanq)+§C(R—d)tan/i (A10)

N3 =N, (A11)

Ty =T, (A12)

where T; and N; represent tangential and normal forces per
unit depth, respectively, on the slip planes, and W; and F; are
the weight and centrifugal forces per unit depth, respectively,
as indicated in Figure 6. Equations A4 to A12 must be satis-
fied with eight unknowns Ty, T», Ny, No, T3, N3, T4, and N,.
Solving for the condition of compatibility, it is obtained

it 24kph/(1—¢)

Q(B,d) = , : (A13)
(B,a) 2+o)fs+(1+2)fs
where
o_ R
8o
_ C
PgoR
_d
TR

fi = 6sin ¢ (cos 2¢ + sin’ f)

__ cos pcos fB
f= sin f}

f3 = cos(B + ¢) cos(f — 2¢)
Ja = cos(B— @) cos(B +2¢)

(cos 2¢ + sin” )

The minimum of Q(f,d) gives the rotation velocity at which
the first avalanche is theoretically predicted for given values
of the cohesion and angle of internal friction.
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1
Fy = ﬁpwz tan (2R + d)(R — d)* (A1)
1
Fr=, pe’ tan B(R + 2d)(R — d)* (A2)
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